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We enforce chiral Ward identities on the vertices of the linear σ model to take into
account the width of the scalar σ, considered as a true physical resonance. We consider pion
scattering at very low energies and, from a fit to the measured phase shifts in the various
angular momentum and isospin channels, conclude a mass for the σ of 600+200
−100MeV. Its
width turns out to be of the same size.
17/03/99
∗ (lucio@ifug4.ugto.mx, mauro@ifug4.ugto.mx, marti@ft.ifisicacu.unam.mx )
1. Introduction
One of the outstanding problems in high energy physics is the quantitative description
of strong interactions at low energies. The systematic procedure known as chiral pertur-
bation theory[1], exploiting the global symmetries of that regime, expands the effective
lagrangian in powers of derivatives and assigns to each term a coupling constant to be fit
from experiment. Provided we focus on processes at low enough energies, chiral perturba-
tion theory is thus supposed to yield good agreement with data [2]. Unfortunately, chiral
perturbation theory does not give very good results on the scattering lengths of pion-pion
scattering, which are very relevant experimental quantities in the limit of zero momentum,
that is to say, where chiral perturbation theory should work best.
Also, there is mounting evidence [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14],
[15], [16], [17], [18], [19], though still somewhat controversial, that a wide scalar resonance
in the vicinity of 600 MeV exists. This resonance can be identified naturally with the σ
particle of the original linear σ–model; this idea has been pursued in various forms recently
[20], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32], [33].
With the above two motivations, we wish to explore the phenomenological conse-
quences of the linear σ–model in ππ → ππ scattering at very low energies, and check that
it gives a better fit to the experimental data than chiral perturbation theory. The sole
guiding principle will be chiral symmetry, whose Ward identities we will exploit to modify
the various vertices to take into account the large width of the σ resonance.
It is pleasant that the simple linear model works better than chiral perturbation
theory, although it certainly cannot be the whole story, since, as we shall see, unitarity
checks demonstrate that for relatively small momenta more resonances should be taken
into account. Let us stress that chiral perturbation theory at higher loops does get better
at the disgraceful price of any non-renormalizable field theory, namely a growing number
of couplings or fit parameters.
The paper is organized as follows. First, we recall the naive linear σ–model, including
the explicit chiral symmetry breaking term to account for mπ 6= 0. The crucial point is
that the breaking is soft, so that when we include the width Γσ of the σ in its propagator,
we can exploit the chiral Ward identities to modify accordingly the vertices. The chiral
Ward identities are still satisfied by the final lagrangian (with parameters mπ, fπ, mσ and
Γσ), from which we compute the amplitudes in the various isospin and angular momentum
channels of experimental relevance. We then use the expression for Γσ from the decay
1
σ → ππ to perform a simple and succesful one–parameter (mσ) fit to experimental data.
As an important check, we analyze the various unitarity conditions on these amplitudes,
then we discuss our results, and conclude.
2. The lagrangian and chiral Ward identities
The guiding principle throughout is chiral symmetry. To realize it linearly, we consider
a complex spin zero (2,2) field D(x) with, of course, a Mexican hat potential of the form
λ˜(D†D − f2π)2. After field redefinitions around the true vacuum 〈D〉 6= 0, the massless
Goldstone bosons of chiral symmetry form a pseudoscalar isotriplet ~π(x), and the left–over
massive field is a scalar isosinglet σ(x), akin to the Higgs field of the standard model:
L = 1
2
∂µ~π · ∂µ~π + 1
2
∂µσ∂
µσ − 1
2
m2σσ
2 − λ˜fπ(~π · ~π + σ2)σ + λ˜
4
(
~π · ~π + σ2)2 (2.1)
with
λ˜ = −m
2
σ
2f2π
(2.2)
So far, the chiral symmetry is spontaneously broken and the chiral Ward identities are
exact. Chiral symmetry is explicitly broken by the linear term
∆L = aσ, (2.3)
which induces a non-vanishing pion massm2π = −a/fπ. Furthermore, the cubic and quartic
couplings in the lagrangian (2.1) undergo the modification
λ˜→ λ = −m
2
σ −m2π
2f2π
(2.4)
So far, this is all very well known. We claim that it is important to take into account
consistently the fact that the field σ is (very) unstable. For instance, if mσ > 2mπ , its
tree–level width is
Γ (σ → ππ) = 3m
3
σ
32πf2π
(1− ε)2√1− 4ǫ (2.5)
where we have introduced the convenient shorthand ε = (mπ/mσ)
2. For the sake of
generality, we will treat Γσ as a free parameter, referring to its tree–level value Γσ(mσ) in
(2.5) explicitly only as need arises. In strict analogy with the Higgs field in the standard
2
model, the σ width Γσ grows very fast with its mass
1. The effect of the width of the σ
field is to modify its propagator from the usual i
(
q2 −m2σ
)−1
to
∆σ(q) = i
(
q2 −m2σ + iΓσmσ θ(q2 − 4m2π)
)−1
, (2.6)
where the step function ensures that the imaginary piece in the denominator appears only
when the momentum of the propagator is above the kinematical threshold for σ decay.
Thus, in the physical process of ππ → ππ scattering, which we shall consider shortly,
the propagator of the σ picks up the correction due to the width only in the s–channel,
not in the u– nor the t–channels.
The crucial point is that, in the linear σ model, chiral symmetry is responsible for
important cancellations which imply, notably, that the pion coupling is always derivative
in the limit of soft pion momenta. Once we include the large width Γσ, this cancellation
is brutally spoiled. Equivalently, the chiral Ward identities are violated by the inclusion
of the width in the σ propagator. Enforcing, however, the chiral Ward identities on the
vertices of the lagrangian implies that the latter pick up modifications related to the width
Γσ. These vertex corrections depend on the kinematical variables (the incoming momenta)
in a particular way, dictated by chiral symmetry. For instance, the σπiπj Feynman rule
reads now
Vσπiπj =
−i
fπ
δij
(
m2σ −m2π − iΓσmσθ(q2 − 4m2π)
)
(2.7)
where qµ is the momentum of the σ.
The modification to the π4 contact term is quite non–trivial and somewhat cumber-
some to write out: the shift m2σ → m2σ − iΓσmσ takes place depending on the external
momenta. This dependence can be spelled out in terms of the momenta of the four pions
entering the vertex:
Vπiπjπkπℓ = −2i
{
(λ+ cs) δ
ijδkℓ + (λ+ ct) δ
ikδjℓ + (λ+ cu) δ
iℓδjk
}
(2.8)
where (the incoming momentum of a pion of isospin i is pi)
cs =
iΓσmσ
2f2π
θ
(
(pi + pj)
2 − 4m2π
)
ct =
iΓσmσ
2f2π
θ
(
(pi + pk)
2 − 4m2π
)
cu =
iΓσmσ
2f2π
θ
(
(pi + pℓ)
2 − 4m2π
)
(2.9)
1 Thus, for instance, Γσ(350) = 65, Γσ(500) = 310, Γσ(650) = 785, all in MeV.
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and we recall equation (2.4) whereby λ = − (m2σ −m2π) /(2f2π).
The procedure sketched above to incorporate the width, consistently with the chiral
Ward identities, is very powerful. Similar considerations have been set forth recently in
the analogous problem of incorporating the width of the electroweak gauge bosons to the
fermionic vertices of the standard model [34], [35], [36].
Let us focus on the chiral Ward identities which force us to modify the Feynman rules
derived from the lagrangian when the σ propagator changes to (2.6). They can be derived
with the usual method of gauging the chiral symmetry transformation and then setting
the chiral gauge boson to zero. Consider, for instance, the following:
Vπiπjσσ = Vσσσ∆σ(pj)Vσπiπj (2.10)
Note that pj is the momentum of a pion, so that p
2
j = m
2
π if it is on–shell. This equation
defines the ππσσ vertex. Similarly, the chiral Ward identity satisfied by the π4 Feynman
rule is
Vπiπjπkπℓ = Vπkπℓσ∆σ(pj)Vσπiπj + Vπiπkσ∆σ(pk)Vσπjπℓ + Vπiπℓσ∆σ(pℓ)Vσπjπk (2.11)
Obviously, these relations hold at tree level before chiral symmetry breaking, that is to
say, when mπ = 0, and also Γσ = 0. Powefully, they also hold when mπ 6= 0 and/or when
Γσ 6= 0, to all orders in perturbation theory. This can be proved easily using the enormous
advantage that the linear sigma model is a well–defined (renormalizable) field theory. The
chiral Ward identities (2.10) and (2.11) are satisfied by (2.6)–(2.8), of course.
Since the vertex modifications ensure the preservation of exact chiral Ward identities,
they also guarantee, for instance, that the pion couplings remain derivative as they should.
3. Pion scattering revisited
As an illustration of the power of this implementation of chiral symmetry, we proceed
to evaluate, at tree level, the amplitude for ππ scattering. Clearly, we do not expect
the result to be the perfect answer, since the only resonance we will take into account is
the σ. In particular, we shall see that not taking into account the vector meson ~ρµ is a
rather bad approximation in the I = 1, ℓ = 1 amplitude. Nevertheless, our results are in
better agreement with experimental data than those of chiral perturbation theory. Let us
emphasize that the kinematical region where we compare both predictions, namely at very
4
low momenta, is precisely where chiral perturbation theory should be exact. This lends
further support to the real existence of σ as a strong resonance.
At tree level, four diagrams contribute to ππ → ππ: the four–pion contact term, and
the exchange of a σ in the three s, t and u channels. The transition matrix is of the
form T kℓij , where the indices i and j (respectively, k and ℓ) label the isospin of the initial
(respectively, final) pions. We use projectors Π(I)
∣∣kℓ
ij
in each of the isospin channels (I = 0,
1 and 2) and then decompose in partial waves (p is the modulus of the three-momentum
of any of the four pions in the center of mass) following the traditional normalization
T
(I)
ℓ (p) =
1
64π
∫ 1
−1
dx T (I)(p, x)Pℓ(x) (3.1)
whereby, in terms of the partial wave shifts δ
(I)
ℓ , we have
T
(I)
ℓ =
√
s
s− 4m2π
eiδ
(I)
ℓ sinδ
(I)
ℓ (3.2)
with s = 4(p2+m2π). We shall return to these below when we study unitarity. Furthermore,
results of analyses of experimental data are often quoted in terms of a
(I)
ℓ and b
(I)
ℓ , which
are just the first two coefficients in the Taylor expansion of the real part of T
(I)
ℓ (p) around
p = 0:
Re T
(I)
ℓ (p) =
(
p2
m2π
)ℓ(
a
(I)
ℓ +
p2
m2π
b
(I)
ℓ + . . .
)
(3.3)
Due to the structure of the Feynman rules dictated by chiral Ward identities, the width
Γσ contributes, in the Born approximation, only to T
(0)
0 . Also, T
(0)
ℓ (p) and T
(2)
ℓ (p) vanish
for odd ℓ, whereas T
(1)
ℓ (p) is zero for even ℓ. This is consistent with general symmetry
arguments. In our computation, at this level of simplicity, we find also
T
(2)
ℓ (p) = T
(0)
ℓ (p) ∀ℓ 6= 0 (3.4)
The experimental knowledge of pion scattering near threshold is rather poor. The
relatively badly measured scattering lengths and ranges are [2] a
(0)
0 , b
(0)
0 , a
(2)
0 , b
(2)
0 , a
(1)
1 ,
a
(0)
2 and a
(2)
2 , These seven numbers should come out of our computation with only mσ
and Γσ as free parameters (actually, only the first two of these quantitites, the s-wave
isoscalar moments, depend on the width). We shall consider these seven data points as
uncorrelated, independent measurements with gaussian errors.
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Explicitly, recalling that ε = (mπ/mσ)
2 and letting also γ = (Γσ/mσ)
2 as a free
parameter, we find
a
(0)
0 =
1
32π
(
mπ
fπ
)2
7− 27ε− 12ε2 + 32ε3 + 7γ + 2εγ
1− 8ε+ 16ε2 + γ
b
(0)
0 =
1
8π
(
mπ
fπ
)2 [
2(1− 4ε)2(1− ε)2(1 + 4ε− 8ε2) + γ(4− 10ε− 69ε2 + 80ε3 − 32ε4)
+ γ2(2 + 2ε− ε2)
]
/
(
1− 8ε+ 16ε2 + γ)2
a
(0)
2 = a
(2)
2 =
1
30π
(
mπ
fπ
)2
ε(1− ε)2
b
(0)
2 = b
(2)
2 =
−1
5π
(
mπ
fπ
)2
ε2(1− ε)2
a
(1)
1 =
1
24π
(
mπ
fπ
)2
(1− ε)2
b
(1)
1 =
−1
6π
(
mπ
fπ
)2
ε(1− ε)2
a
(2)
0 =
−1
16π
(
mπ
fπ
)2
(1− ε)
b
(2)
0 =
−1
8π
(
mπ
fπ
)2
(1− ε)2
(3.5)
When we use (2.5), γ disappears and becomes a function of the single parameter
mσ. Note that the nonlinear limit ε → 0 of (3.5) is independent of γ, so that regardless
of whether Γσ remains finite, or, more physically, of how it blows up as mσ does, the
tree-level results of chiral perturbation theory are easily recovered by shooting away the σ
resonance from the universe.
We take as experimental averages[2] a
(0)
0 = .26± .05, b(0)0 = .25± .03, a(2)0 − .028± .012,
b
(2)
0 − .082 ± .008, a(1)1 = .038 ± .002, a(0)2 = .0017 ± .0003 and a(2)2 = .00013 ± .00030.
An overall fit to these seven numbers gives mσ = 700
+800
−150MeV, where the errors are
determined by an increase in one of χ2/dof over the value at the minimum. Clearly, the
χ2 distribution is very flat towards increasing values of mσ; mσ ≥550 Mev is the only
useful information.
Of the seven numbers, if we eliminate the worst one (a
(1)
1 (presumably under strong
influence from ρ exchange, which we ignore), then the fit improves and it yields mσ =
590+220
−90 MeV. For completeness, note that the fit to only the scalar isoscalar values gives
mσ = 525
+85
−45
MeV.
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Overall, one may conclude that the data are, on the whole, consistent with a linear
sigma resonance provided its mass is around 600 MeV (and thus its width also around 600
MeV). The errors on these numbers, from the pion data available, are substantial.
Although the low–energy moments a
(I)
ℓ and b
(I)
ℓ are the relevant quantities for us,
what is actually measured is a momentum–dependent phase shift, which can be split more
or less in various isospin and angular momentum channels, δ =
∑
I,ℓ δ
(I)
ℓ , with
δ
(I)
ℓ =
1
2
Arcsin
(
1
√
1− 4m
2
π
s
ReT
(I)
ℓ [s,mσ,Γσ]
)
(3.6)
From the analysis of the data available (five points at (δ,
√
s/MeV)=(.07± .13, 289), (.21±
.07, 303), (.13 ± .05, 317), (.20 ± .04, 335) and (.27 ± .04, 367)) in the I = 0 and ℓ = 0
channel, we fit mσ = 550
+450
−80 MeV. Again the error on the heavy side is huge: the χ
2
distribution is very flat with increasing mσ.
4. Unitarity
Massaging expression (3.2), one gets unitarity constraints from the fact that δ
(I)
ℓ are
real. Weak constraints are
s− 4m2π
s
∣∣∣T (I)ℓ ∣∣∣2 < 1 (4.1)
and
0 <
√
s− 4m2π
s
ImT
(I)
ℓ < 1 (4.2)
A rather strong condition is √
s− 4m2π
s
∣∣∣ReT (I)ℓ ∣∣∣ ≤ 12 (4.3)
whereas exact unitarity is achieved iff
ImT
(I)
ℓ =
√
s− 4m2π
s
∣∣∣ReT (I)ℓ ∣∣∣2 (4.4)
from which the optical theorem can be derived. Clearly, all these constraints depend on
the energy scale. Since there are many other resonances in nature heavier than the σ, we
should not worry much about possible unitarity violations at high momenta (say, above
1 GeV); still, we should make sure that the behaviour near threshold is not pathological:
unitarity should be well preserved at center of mass momenta lower than, say, the pion
mass.
It turns out that there is no problem with unitarity at center of mass momenta lower
than the 400 MeV. Unfortunately, unitarity does not constrain mσ from above in any
meaningful way.
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5. Conclusions
We have enhanced the linear sigma model by enforcing chiral Ward identities which
take into account the (large) sigma width. We have found that low energy pion scatter-
ing data supports the existence of a wide σ field with mass around 600 MeV (actually
mσ = 590
+220
−90 MeV), provided we exclude the datum in the vector isovector channel.
The advantage of keeping the σ as a true resonance in the effective low energy theory
of strong interactions is not only that its inclusion simulates more or less the results of
chiral perturbation theory to one loop, as emphasized by skeptics long ago [37], but also,
more crucially, that this opens the door to more industrious analyses of the whole scalar
spectrum, including glueballs.
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